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Abstract. We study a model of inflation where the scalar perturbations are almost gaussian
while there is sizable (equilateral) nongaussianity in the tensor sector. In this model, a rolling
pseudoscalar gravitationally coupled to the inflaton amplifies the vacuum fluctuations of a
vector field. The vector sources both scalar and tensor metric perturbations. Both kinds of
perturbations are nongaussian, but, due to helicity conservation, the tensors have a larger
amplitude, so that nongaussianity in the scalar perturbations is negligible. Moreover, the
tensors produced this way are chiral. We study, in the flat sky approximation, how constraints
on tensor nongaussianities affect the detectability of parity violation in the Cosmic Microwave
Background. We expect the model to feature interesting patterns on nongaussianities in the
polarization spectra of the CMB.
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1 Introduction
The simplest models of inflation predict a quasi-scale invariant spectrum of essentially gaus-
sian scalar and tensor perturbations. The measurements of the Cosmic Microwave Back-
ground radiation are in wonderful agreement with these predictions (with the only caveat
that we have not yet seen any evidence of tensor fluctuations). While the recent years have
seen a significant amount of work on a possible nongaussian component in the spectrum
of scalar perturbations generated during inflation, the possibility of nongaussianities in the
tensor sector has raised less interest. This is due to the fact that (i) tensor perturbations
have a smaller amplitude than scalar ones by a factor
√
r . .3 and that (ii) by playing with
the interactions of a scalar inflaton, it is in general easier to generate nongaussianities in the
scalar perturbations than in the tensors. Literature on tensor nongaussianities of inflationary
origin includes [1–6] and focuses on models where the gravitational sector is suitably modi-
fied and/or directly coupled to the inflaton sector. Parity violating tensor nongaussianities
produced after inflation by magnetic fields were studied in [7].
In the present paper we discuss (to our knowledge, for the first time) a model where
the scalar perturbations are gaussian to a very good approximation, whereas the tensor
fluctuations have a larger and observable degree of nongaussianity. This implies that the
nongaussianities in the three-point function of the temperature fluctuations will be essen-
tially induced only by the tensor fluctuations. Moreover, the tensor modes in the model we
consider are essentially chiral. As a consequence: (i) since tensors contribute significantly
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to temperature fluctuations only at large scales, the nongaussian signal will be visible in the
δT/T maps only for moderately small multipole moments ` . 100; (ii) we expect that non-
gaussianities in the polarization sector will have a particular form that might be detectable
in polarization data, and (iii) chirality of the tensor modes will give a peculiar form to the
three-point function (in particular, as discussed in [3, 8] the coefficients B`1`2`3 will vanish for
`1 + `2 + `3 =even, opposite to the case of nongaussianities sourced by scalar or parity-even
tensors).
The system we consider is given by an axion-like field χ interacting with a U(1) gauge
field via the operator
χ
f
Fµν F˜
µν , (1.1)
where 1/f is a coupling constant with the dimension of a length. This interaction is especially
interesting because, when the zero mode of χ is evolving in time, the term (1.1) does not have a
well-defined sign, and photons of one helicity see their mode functions exponentially amplified
with amplitude ≈ exp{χ˙/f H} [9]. These vectors interact with the inflaton and with gravity
to lead to several interesting observational effects: nongaussianities in the scalar sector [10,
11], a running spectral index [12], chiral tensor modes [13], gravitational waves that, at short
wavelength, are so large to be detectable by the upcoming ground-based gravitational wave
detectors [14, 15], primordial black holes [16]. The possibility that the coupling of eq. (1.1)
sources an anisotropic component of the power spectrum was discussed in [17, 18].
In the simplest scenario where the field χ appearing in eq. (1.1) is the inflaton, non-
observation of nongaussianities and of a running spectral index in the scalar perturbation
sector imposes the strongest constraint on the coupling 1/f , and as a consequence the am-
plitude of the tensor modes induced by the very same gauge fields at CMB scales is small
and undetectable. There are several ways out of this conclusion. In [13] it was suggested
that either the presence of a large number of gauge fields or the existence of a curvaton can
effectively suppress the amplitude of the photon-induced scalar fluctuations and lead to an
observable spectrum of chiral tensors. More recently, the paper [19] has considered the pos-
sibility that the field χ is not the inflaton, but some other rolling pseudoscalar that is only
gravitationally coupled to the inflaton. In this case, the nongaussian scalar perturbations are
induced only though gravitational interactions and are suppressed with respect to the case
where χ is the inflaton. As a consequence, nongaussianities in the scalar perturbations are
small whereas chiral gravitational waves of a detectable amplitude can be generated.
In the present paper we study the amplitude of nongaussianities in the tensor sector of
the model of [19]. As we will see the three-point function of the gravitational waves turns
out to be three orders of magnitude larger than that of the scalars. The reason is that in
this model both scalar and tensors are produced with comparable (gravitational) efficiency,
but scalars pay an additional suppression due to helicity conservation. Since this mechanism
is associated to sub-horizon dynamics, the shape of nongaussianities is equilateral.
We expect nongaussian tensors to significantly affect the three-point function of the
E and B polarization modes. In this paper we do not consider this effect, leaving the
analysis for future work, and we focus on the effect of nongaussian tensors on the temperature
fluctuations. We estimate the temperature bispectrum in the flat sky approximation and
find that the Planck 2013 limits on f equilNL give, in most of the parameter space, the strongest
constraints on the parameters of the model (note however that tensors affect temperature
fluctuations only at large scales, ` . 100, giving a strongly scale-dependent f equilNL , so that
the actual constraints on the model should be weaker than those derived from the limit on
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the scale invariant f equalNL discussed in [25]). Nevertheless, if r . 0.06, tensors with a O(1)
net chirality are compatible with the current constraints from nongaussianities. In this case,
tensor chirality might be detectable, through the generation of non vanishing 〈TB〉 and 〈EB〉
correlators, in a CMBPol-like experiment [20, 21].
The plan of the paper is the following. In section II we review the mechanism by which a
rolling axion-like field, through the amplification of a vector vacuum fluctuations, can source
scalar and (chiral) tensor metric perturbations. In section III we compute the two- and three-
point functions of the scalar and the tensors, showing that the tensor three-point function is
a factor ∼ 103 larger than the scalar one. In section IV we review the formalism of the flat
sky approximation and apply it to temperature fluctuations sourced by tensors. Then we
use this formalism to compute the scalar and tensor contribution to the bispectrum of the
temperature perturbations. Finally, in sections V and VI, we discuss our results and present
our conclusions.
2 A rolling axion amplifying vectors, that generate scalars and tensors
We consider the system described by the following lagangian
L = −1
2
(∂φ)2 − V (φ)− 1
2
(∂χ)2 − U(χ)− 1
4
Fµν F
µν − χ
4 f
Fµν F˜
µν , (2.1)
where the field φ is the inflaton and χ is a second (pseudoscalar) field that is rolling during
inflation due to its potential U(χ). We will not be concerned about the specific dynamics
of these fields, and we will simply assume that V (φ) can support inflation and that χ˙ is
approximately constant during the period of generation of the perturbations relevant to the
CMB.
2.1 Rolling pseudoscalar amplifies vectors
The last term in the lagrangian (2.1) is responsible for the amplification of the vacuum
fluctuations of the gauge field. To analyze this phenomenon, we define the vector potential
Aµ from Fµν = ∇µAν − ∇νAµ and we choose the Coulomb gauge A0 = ∂iAi = 0. Then,
neglecting the spatial gradients of χ, the equation for the gauge field reads
A′′i −∆Ai −
χ′
f
ijk ∂j Ak = 0 , (2.2)
where the prime denotes differentiation with respect to the conformal time τ and a(τ) =
−1/(H τ) is the scale factor of the spatially flat, inflating Universe with Hubble parameter
H. To study the amplification of the mode functions of the gauge field we promote the
classical field Ai(τ, x) to an operator Aˆi (τ, x), that we decompose into annihilation and
creation operators aˆkλ, aˆ
k
λ
†
Aˆi(τ, x) =
∫
d3k
(2pi)3/2
eik·xAˆi(τ,k) =
∑
λ=±
∫
d3k
(2pi)3/2
[
iλ(k)Aλ(τ, k) aˆ
k
λ e
ik·x + h.c.
]
, (2.3)
where the helicity vectors i± are defined so that ki i± = 0, εabc kb c± = ∓i k c±, i± i∓ = 1
and i± i± = 0. Then, the functions A± must satisfy the equation A′′±+ (k2∓ k χ′/f)A± = 0.
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We assume that χ′/a = χ˙ ' constant. Hence, the equation for A± reads[
d2
dτ2
+ k2 ± 2 k ξ
τ
]
A±(τ, k) = 0 , (2.4)
where we have defined
ξ ≡ χ˙
2 f H
, (2.5)
a dimensionless parameter which will determine the efficiency of the growth of the mode
functions. While the quantity χ˙ is subject to the requirement that the energy in the field χ
be subdominant with respect to the energy in the inflaton, the parameter f is arbitrary. As a
consequence, the quantity ξ can take any value. As we will see, the effects under consideration
are relevant for ξ of the order of a few. Moreover, the approximated solution (2.6) below will
be valid only for ξ & 1/4. For these reasons, we will be interested in the case ξ >∼ O (1).
Depending on the sign of ξ, one of the two modes A+ or A− in (2.4) develops an
instability (we assume without loss of generality that ξ > 0, so that the mode A+ will feel
the instability – remember that τ < 0). The other mode stays essentially in vacuum.
The solution of (2.4) that reduces to positive frequency for k τ → −∞ is A±(τ, k) =
1√
2 k
[i F0(±ξ, −k τ)+G0(±ξ, −k τ)], where F0 and G0 are the regular and irregular Coulomb
wave functions. The positive-helicity mode is rapidly amplified, and peaks at momenta k for
which (8 ξ)−1 <∼ |k τ |  2 ξ, where it is well approximated by
A+(τ, k) ' 1√
2 k
(
−k τ
2 ξ
)1/4
epi ξ−2
√−2ξ k τ . (2.6)
A+ is thus amplified by a factor e
pi ξ. On the other hand, the mode A− is not amplified
by the rolling field χ, and from now on we ignore it.
2.2 Vectors generate scalar metric perturbations
Even if the vectors are not directly coupled to the inflaton, they generate scalar perturbations
through gravitational interactions. This effect was studied in [19], that found that the gauge
invariant scalar perturbation ζˆ is given by
ζˆ(k) = − H
2
4M2P
∫
dτ ′Gk(τ, τ ′) τ ′2
∫
d3q
(2pi)3/2
(
−1 + (q − |k− q|)
2
k2
)
×
[
Aˆ′i(q, τ
′) Aˆ′i(k− q, τ ′)− εiab qa Aˆb(q, τ ′) εicd (kc − qc) Aˆd(k− q, τ ′)
]
, (2.7)
where we have defined the retarded Green function for the operator d2/dτ2− (2/τ)d/dτ +k2,
which gives the homogeneous equation of motion of the metric perturbations
Gk(τ, τ
′) =
1
k3 τ ′2
[(
1 + k2 τ τ ′
)
sin k
(
τ − τ ′)+ k (τ ′ − τ) cos k (τ − τ ′)]Θ(τ − τ ′) . (2.8)
We now compute the operator ζˆ using the following approximations:
1. Since left-handed photons are not amplified by the rolling pseudoscalar, we consider
only right-handed photons:
Aˆi(τ,k) = 
i
+(k)A+(τ, k) aˆ
k
+ + (h.c.,k→ −k); (2.9)
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2. We consider the regime where the mode functionA+(τ, k) is large and given by eq. (2.6).
In this regime, the mode function is real;
3. We neglect the contribution from the magnetic field, the second term in brackets in
eq. (2.7), keeping only the electric contribution, the first term in brackets, and we
approximate
A′+(τ, k) '
√
−2 ξ k
τ
A+(τ, k) =
(
−k ξ
2 τ
)1/4
epi ξ−2
√−2 ξ k τ . (2.10)
This approximation is valid for ξ & 1;
4. We compute the scalar perturbations modes at late times k τ → 0 and we observe that
the dominant contribution from the τ ′ integral comes from modes with |k τ ′| . 1/ξ . 1,
so that
Gk(0, τ
′) ' −τ ′/3 ; (2.11)
This way the integral in dτ ′ can be computed explicitly, and the expression of ζˆ reduces
to
ζˆ(k) =
∫
d3qFζ(k, q) Oˆiq Oˆi,k−q. (2.12)
where Olk ≡ l+(k)
(
aˆk+ + aˆ
−k
+
†
)
, and where
Fζ(k, q) = − Γ(7)
3× 212 (2pi)3/2
H2
M2P
e2piξ
ξ3
1
(
√
q +
√|k− q|)7
(
−1 + (q − |k− q|)
2
k2
)
q1/4 |k−q|1/4 .
(2.13)
2.3 Vectors generate tensor metric perturbations
The vectors modes discussed also source tensor metric perturbations. Since both scalar and
tensor perturbations are produced gravitationally, tensors and scalars will have – barring
phase space effects – the same amplitude. As we will see, phase space effects are however
relevant: since photons are spin-one particles, tensors will be produced more efficiently than
scalars.
Since now we focus on the tensor modes, our Ansatz for the metric is
ds2 = a2(τ)
[−dτ2 + (δij + hij) dxi dxj] , (2.14)
with hi
i = hij ,j = 0. The equation of motion for hij reads
h′′ij + 2
a′
a
h′ij −∆hij =
2
M2P
Πij
lm TEMlm (2.15)
where Πij
lm = Πil Π
j
m− 12Πij Πlm is the transverse traceless projector, with Πij = δij−∂i ∂j/∆
and where TEMlm represents the spatial part of the stress-energy tensor of the gauge field.
Πij
lm projects out the part of the stress energy tensor proportional to δij , leaving T
EM
ij =
−a2 (EiEj +BiBj). Next, we go to momentum space and we project the equation for hij
on left- and right-handed modes. We introduce the polarization tensors Πij±(k) as
Πij±(k) =
1√
2
i∓(k) 
j
∓(k) , (2.16)
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and we define h±(k) = Π
ij
±(k)hij(k), that we promote to operators hˆ±. Since Π
ij
± Πij lm =
Πlm± , and neglecting for the time being the solution of the homogeneous part of eq. (2.15),
the expression of hˆ± can be found using the techniques of, e.g., [22]
hˆ±(k) = −2H
2
M2P
∫
dτ ′Gk(τ, τ ′) τ ′2
∫
d3q
(2pi)3/2
Πlm± (k)× (2.17)
×
[
Aˆ′l(q, τ
′) Aˆ′m(k− q, τ ′)− lab qa Aˆb(q, τ ′) εmcd (kc − qc) Aˆd(k− q, τ ′)
]
.
We can now compute the operators hˆ± using the same approximations discussed in the
case of scalar perturbations and obtain
hˆ±(k) =
∫
d3qF lm± (k, q) Oˆlq Oˆmk−q. (2.18)
with
F lm± (k, q) = −
Γ(7)
3× 29 (2pi)3/2
H2
M2P
e2piξ
ξ3
Πlm± (k)
(
√
q +
√|k− q|)7 q1/4 |k− q|1/4. (2.19)
3 Two- and three-point functions
Now that we have found the operator expression for the tensor and the scalar perturbations,
we can compute the correlators we are interested in.
3.1 Scalars
Scalar perturbations for this model have been studied in detail in [19]. The power spectrum
can be computed directly from eq. (2.12), and for ξ & 3 it can be well approximated by the
following analytical expression:
Pζ =
H2
8pi2M2P
[
1 + 3.2× 10−8H
2
M2P
e4piξ
ξ6
]
(3.1)
where  is the slow-roll parameter associated to the inflaton potential V (φ). Note that the
contribution induced by the vectors is proportional to e4pi ξ, i.e., to the fourth power of the
amplitude of the vector field, since the process inducing scalar perturbations is of the type
AA → ζ. The three-point function of ζ was also computed in [19] and has an essentially
equilateral shape. In the equilateral limit, |k1| = |k2| = |k3| = k, we have
〈ζˆ(k1) ζˆ(k2) ζˆ(k3)〉equil = 2.6× 10−13 δ(k1 + k2 + k3) H
6
M6P
e6piξ
ξ9
. (3.2)
3.2 Tensors
The two-point function of the tensors was first computed in [13]. The power spectra of the
left-handed and right-handed tensors can be computed directly from eq. (2.18), and, again
for ξ & 3, they can be well approximated by the following analytical expressions:
P t,+ =
H2
pi2M2P
(
1 + 8.6× 10−7 H
2
M2P
e4piξ
ξ6
)
(3.3)
P t,− =
H2
pi2M2P
(
1 + 1.8× 10−9 H
2
M2P
e4piξ
ξ6
)
(3.4)
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where the terms H2/piM2P are associated to the usual amplification of vacuum fluctions of
the gravitational waves in a de Sitter Universe. Note the different numerical coefficients,
signaling parity violation, for the left- and the right-handed gravitons, in the ξ-dependent
part of the spectrum. In particular, the right-handed gravitons have larger amplitude than
the left-handed ones (this is a direct consequence of the fact that they are produced by right-
handed photons). Inspection of the equations leading to the expressions (3.3) shows that the
difference in amplitude is mostly due to the process in which two almost collinear photons
generate one graviton. In this regime, in fact, production of left-handed gravitons will be
suppressed by helicity conservation. Also, comparison with the last term in eq. (3.1) shows
that scalar perturbations are produced by vectors with an efficiency comparable to that of
left-handed photons, with a two-point function that is about 200 times smaller than that of
right-handed photons. Finally, it is worth stressing that the numbers of order 10−8 and 10−7
appearing in eqs. (3.1) and (3.3) do not derive from any tunable parameter, but are actual
numerical quantities that originate from geometric factors such as powers of 2pi.
In the present paper we are interested in the three-point function of the tensors: using
Wick’s decomposition, the property 〈OiqOj k〉 = δ(k + q)i+(q)∗j+(−k) and the property
Fλ(k, q) = Fλ(k, k− q) we obtain
〈hλ(k1)hλ(k2)hλ(k3)〉 = 4 δ(k1 + k2 + k3)
∫
d3qFλab(k1, q)Fλ cd(k2, −q)Fλ ef (k3, q− k1)
a+(q)b+(k1 − q)c+(−q)d+(k2 + q)e+(q− k1)f+(k3 + k1 − q) + (k2 ↔ k3) .
(3.5)
Since right-handed gravitons have a larger amplitude than left-handed ones, we compute
this explicitly for λ = +. In Figure 1 we display the shape of the three-point function
〈h+(k1)h+(k2)h+(k3)〉 showing that nongaussianities in the tensor sector are very close to
equilateral, as they are in the scalar sector [19]. This is expected from the fact that these
tensors are produced by sub-horizon dynamics, so that all three modes behave identically;
the integrals in τ ′ are dominated by a certain value of τ ′ = O ((k ξ)−1), and since all three
of the τ ′ integrals are the same, the three-point function is peaked when all three k’s have
the same magnitude.
We compute the amplitude of nongaussianities in the equilateral limit, |k1| = |k2| =
|k3| = k, obtaining
〈hˆ+(k1) hˆ+(k2) hˆ+(k3)〉equil = 6.1× 10−10 H
6
M6P
e6piξ
ξ9
δ(k1 + k2 + k3)
k6
, (3.6)
a factor ∼ 2300 larger than the three-point function for the scalar perturbations. The fact
that 〈h3+〉 ∼ O(103)〈ζ3〉 is consistent with the fact that the component of 〈h2+〉 sourced by
the vectors is a factor O(102) larger than the component of 〈ζ2〉 sourced by the vectors, once
one observes that the three-point function scales as the two-point function to the power 3/2.
4 General effect on δT from tensors and scalars in the flat sky approxima-
tion
The analysis of the previous section shows that in this model tensor perturbations have larger
nongaussianities than scalar ones. However, in order to make this statement precise, we have
to compare the relative magnitude of the observables induced by the quantities computed
– 7 –
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Figure 1. Plot of the shape of the three-point function (3.5) of the right handed gravitons.
in sections III. A. and III. B. To do so, we will compute the effect of both the graviton and
the scalar three-point function on the observable three-point function of the temperature
fluctuation in the Cosmic Microwave Background.
We will compare the relative contribution to δT from the tensor and scalar fluctuations
under some simplifying approximations: we will neglect the current acceleration of the Uni-
verse and will study the temperature fluctuations in a matter dominated Universe (e.g., we
will assume that the scalar perturbations affect the temperature fluctuations only through
the Sachs-Wolfe effect); since the full calculation of the nongaussianities in the temperature
fluctuations is especially challenging, we will work in the flat sky approximation [23], valid
for multipoles with `  1; we will consider scales that entered the horizon during matter
domination (` . 100) since at smaller scales tensors are suppressed and do not give a sizable
contribution to temperature fluctuations. Our analysis will therefore be valid only in the
relatively narrow range 1 ` . 100, but we consider this to be sufficient to get a acceptable
estimate of the size of the nongaussianities.
Let us now review the formalism of the flat sky approximation. Let δT (τ0, x0, n) be
the temperature fluctuation measured by an observer at the spatial location x0 at time τ0
looking in direction n, where n is defined to be a unit vector. We define
a(τ0, x0, l) ≡
∫
d2n
2pi
e−iln
δT
T
(τ0,x0, n) (4.1)
where l is a unitless two-dimensional vector satisfying |l|  1, and the Fourier transform
a(τ0, k, l) ≡
∫
d3x0
(2pi)3/2
eikx0a(τ0, x0, l) ≡
∫
d2n
2pi
e−iln
δT
T
(k, n) . (4.2)
Then the Cls determining the two-point function are defined as the expectation value of the
correlator of a(τ0, l) and a(τ0, l
′), that is,
Cl δ
(2)(l + l′) =
∫
d3k1 d
3k2
(2pi)3
〈a(τ0, k1, l) a(τ0, k2, l′)〉
=
∫
d3k1 d
3k2
(2pi)3
∫
d2n1 d
2n2
(2pi)2
e−i(ln1+l
′n2)〈δT
T
(k1, n1)
δT
T
(k2, n2)〉. (4.3)
– 8 –
In an analogous way we derive the expression for the three-point function
Bl1,l2,l3 δ
(2)(l1+l2+l3) =
∫
Π3i=1d
3ki
(2pi)9/2
∫
Π3i=1 d
2ni
(2pi)3
e−i
∑3
i=1 lini〈δT
T
(k1, n1)
δT
T
(k2, n2)
δT
T
(k3, n3)〉 .
(4.4)
4.1 Two-point functions
To test the validity of the approximation and to apply it to temperature fluctuations gener-
ated both by scalar and by tensor fluctuations, we first rederive the power spectrum of the
temperature fluctuations induced both by scalar and by tensor perturbations in the flat sky
approximation. Then we will compute the contribution of scalar and tensor perturbations to
the temperature bispectrum.
4.1.1 Sachs-Wolfe effect
We will assume that the scalar perturbations ζˆ affect the temperature fluctuations only
through the Sachs-Wolfe effect, so that for scales which are not too short (i.e., for l 200),
δT
T
(τ0,x0,n)l200 =
1
3
∫
d3k
(2pi)
3
2
Φ(τr,k)e
−ik·x (4.5)
where Φ is the gravitational potential. x is given by x = x0 + n(τr − τ0) which is the
position of the photon at τr, the (conformal) time of decoupling. Since τr  τ0, the time of
measurement, this simplifies to x = x0 − n τ0. As a consequence we have
δT
T
(k,n)l200 =
1
3
Φ(τr,k)e
ik·nτ0 . (4.6)
We are interested in modes which entered the horizon during matter domination. In this
case the relevant Φ is given by Φ = −35ζ. This gives for the temperature anisotropies:
Cζ, SWl δ
(2)(l + l′) =
1
25
∫
d3k1 d
3k2
(2pi)3
∫
d2n1 d
2n2
(2pi)2
e−i(ln1+l
′n2)〈ζˆ(k1) ζˆ(k2)〉 ei(k1 n1+k2 n1)τ0 .
(4.7)
Now, let us define the (xy) plane as the plane where both l and l′ lie. Since l and l′ are “long”
vectors, the x and y components of n1 and n2 will contribute to the integral in d
2n only
when they are much smaller than unity, otherwise the oscillating phase ∝ i l n will suppress
the contribution to the integral. Therefore we can assume, remembering that the nis are
unit vectors, that n ' (nx, ny, 1) with |nx|, |ny|  1. Now the integral in d2n1 d2n2 is
straightforward:
Cζ, SWl δ
(2)(l + l′) =
1
25
∫
d3k1 d
3k2
(2pi)
δ(2)(l− k1‖ τ0) δ(2)(l′ − k2‖ τ0)〈ζˆ(k1) ζˆ(k2)〉 ei (kz1+kz2)τ0
(4.8)
where k‖ refers to the two-dimensional projection of k on the (xy) plane. Now we can
integrate on dk
‖
1 dk
‖
2, obtaining
Cζ, SWl δ
(2)(l + l′) =
1
25 τ40
∫
dkz1 dk
z
2
2pi
〈ζˆ(k′1) ζˆ(k′2)〉 ei (k
z
1+k
z
2)τ0 , (4.9)
where k′1 = (lx/τ0, ly/τ0, kz1) and analogously for k′2.
– 9 –
At this point we must use the explicit expression of the two-point function of the scalar
perturbations. Under the assumption of a scale invariant power spectrum of amplitude Pζ :
〈ζˆ(k1) ζˆ(k2)〉 = 2pi
2
k31
Pζ δ(3)(k1 + k2) , (4.10)
we obtain the final result
Cζ, SWl =
2pi
25
Pζ
l2
. (4.11)
This should be contrasted with the exact result for a scale invariant spectrum of tensors
Cζ, SWl =
2pi
25
Pζ
l(l + 1)
(4.12)
that shows that the flat sky approximation is accurate at better than 10% for l & 10.
4.1.2 Tensors
Next, let us compute the effect of the tensors on the two-point function of the temperature
fluctuations. The tensor contribution to the temperature fluctuations along the direction n
is, in Fourier space,
δT h(τ0, x0, n)
T
= −1
2
∫ τ0
τr
dτ
∫
d3k
(2pi)
3
2
e−ik(x0−n(τ0−τ))
∂ hij(τ, k(τ))
∂τ
ni nj , (4.13)
with (for modes that re-entered the horizon during matter domination)
hij(τ, k(τ)) = 3
(
sin(kτ)
(kτ)3
− cos(kτ)
(kτ)2
)
hˆij(k) . (4.14)
where hˆij(k) is computed at the end of inflation, where we match boundary conditions with
the transfer function. While it is possible in principle to compute exactly the integral in dτ ,
one can check numerically that the temperature fluctuation is well approximated by
δT h(τ0, k, n)
T
' 1
2
hˆij(k) e
iknτ0e−ik·x0 ni nj , (4.15)
where we have used the fact that we are looking at modes well inside our horizon, k  τ−10 .
Now, since we will be working in the flat sky approximation, we consider the regime
n ' (nx, ny, 1) with |nx|, |ny|  1, so that δT (k,n)T ' 12 hˆzz(k) eiknτ0e−ik·x0 . Then proceeding
as in the scalar example above we get
Chl δ
(2)(l + l′) =
1
4 τ40
∫
dkz1 dk
z
2
2pi
〈hˆzz(k′1) hˆzz(k′2)〉 ei (k
z
1+k
z
2)τ0 , (4.16)
Let us assume now that the tensors are chiral, with only non vanishing positive helicity modes
hˆ+. Then
hˆzz(k) = 2 Π
−
zz(k) hˆ+(k) , (4.17)
where we have used the property 2
∑
λ,kl Π
−λ
ij (k)Π
λ
kl(k) hˆkl(k) = hˆij(k), so that
〈hˆzz(k1) hˆzz(k2)〉 =
= 4 〈hˆ+(k1) hˆ+(k2)〉Π−zz(k1) Π−zz(k2) =
4pi2
k31
P+ δ(3)(k1 + k2) Π−zz(k1) Π−zz(−k1) ,
(4.18)
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where P+ is the power spectrum of the right-handed gravitons. Using the expression (2.16)
and the property
i+(k) 
j
−(k) =
1
2
(δij − kˆi kˆj + i ijk kˆk) , (4.19)
we obtain
Ch,+l =
pi
16
P+
τ20
∫
dkz1
(kz1
2 + l2/τ20 )
3/2
(
1− k
z
1
2
kz1
2 + l2/τ20
)2
=
pi
15
P+
l2
, (4.20)
that, upon comparison with the exact result for a scale invariant spectrum of tensors
Ch,+` =
pi
15
P+
(`+ 3) (`− 2) , (4.21)
shows again that the flat sky approximation is accurate at better than 10% for ` & 10.
4.2 Three-point functions
We are now in a position to compute the three-point functions for the temperature fluctu-
ations induced by the scalar perturbations of section II. B and by the tensors of section II.
C.
4.2.1 〈δT 3〉 induced by scalar perturbations
For the three-point function of the temperature fluctuations induced by the scalars we have,
analogously to the expression that led to the two-point function:
Bζli δ
(2)(l1 + l2 + l3) = − 1
53 τ60
∫
dkz1 dk
z
2 dk
z
3
(2pi)3/2
〈ζˆ(k′1) ζˆ(k′2) ζˆ(k′3)〉 ei (k
z
1+k
z
2+k
z
3)τ0 , (4.22)
where k′i = (l
x
i /τ0, l
y
i /τ0, k
z
i ) for i = 1, 2, 3.
Let us consider the equilateral limit where |l1| = |l2| = |l3| ≡ l, since we have seen that
this is the regime that dominates the three-point function. The integrals in eq. (4.22) can
then be computed numerically to give:
l4 (Bζli)
equil = −4.0× 10−16 H
6
M6P
e6piξ
ξ9
. (4.23)
4.2.2 〈δT 3〉 induced by tensor perturbations
Similarly, the three-point function of the temperature fluctuations induced by the tensors is
given by:
Bhli δ
(2)(l1 + l2 + l3) =
1
8 τ60
∫
dkz1 dk
z
2 dk
z
3
(2pi)3/2
〈hˆzz(k′1) hˆzz(k′2) hˆzz(k′3)〉 ei (k
z
1+k
z
2+k
z
3)τ0 , (4.24)
where again k′i = (l
x
i /τ0, l
y
i /τ0, k
z
i ) for i = 1, 2, 3.
Recalling eqs. (2.18) and (2.19), we have that hˆzz(k) is given by
hˆzz(k) =
∫
d3qF abzz (k, q) Oˆa,q Oˆb,k−q. (4.25)
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with
Fzz(k, q) = − Γ(7)
3× 2 192 (2pi)3/2
H2
M2P
e2piξ
ξ3
Πzz
ab(k)
(
√
q +
√|k− q|)7 q1/4 |k− q|1/4. (4.26)
The integrals in eq. (4.24) can be computed numerically in the equilateral limit |l1| = |l2| =
|l3| ≡ l, giving
l4 (Bhli)
equil = −1.8× 10−12 H
6
M6P
e6piξ
ξ9
, (4.27)
i.e., a factor ∼ 4500 larger than the contribution from the scalar perturbations.
5 Discussion
In the previous sections we have computed the tensor and scalar power spectra from which
we can obtain the observable r, the tensor to scalar ratio. We also computed the observable
Bequilli , the temperature bispectrum. Both depend only on the parameters ξ and H. In
Figure 2 we show the limits on the (ξ, H/MP ) plane that originate from the non-observation
of tensors and of nongaussianities.
The model predicts a tensor to scalar ratio
r =
P t,+ + P t,−
Pζ
= 8.1× 107 H
2
M2P
(
1 +
8.6× 10−7
2
H2
M2P
e4piξ
ξ6
)
. (5.1)
The blue solid line in Figure 2 is obtained by applying the limit r < 0.11 at the 95% confidence
level as published by the Planck Collaboration [24]. Remarkably, in this model r is not in
one-to-one correspondence with H/MP [13, 14], and one can have detectable tensors for
arbitrarily small values of H/MP . In this case the tensor spectrum would be dominated by
the metric perturbations caused by the auxiliary vector fields as opposed to the standard
fluctuations caused by the inflationary expansion.
We see that for ξ . 3.4, where the contribution of vectors to the tensor power spectrum
is weaker, the non-observation of tensors provides the strongest limit on H/MP , and the
the expression for the tensor power spectrum approaches the more standard expression of
P t = 2H
2
pi2M2P
. For these small values of ξ, the limit of r < 0.11 translates into a limit
H
MP
< 3.7× 10−5.
To calculate f equilNL , we first use the contribution to the three-point function of the
temperature fluctuations from scalar perturbations(
f equilNL
)
ζ
= 470
H6
M6P
e6piξ
ξ9
, (5.2)
that was first computed in [19]. Since the three-point function of the temperature perturba-
tions is dominated by the tensor contribution, we have
f equilNL '
(
f equilNL
)
h
=
(Bhli)
equil
(Bζli)
equil
(
f equilNL
)
ζ
= 2.1× 106 H
6
M6P
e6piξ
ξ9
. (5.3)
The pink dashed line in Figure 2 is obtained by imposing the limit f equilNL < 150, i.e., twice the
68% uncertainty published by the Planck Collaboration [25]. Note that the Planck limits [25]
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Figure 2. Maximum allowed value of HMP for various values of ξ. The blue line uses the limit from
r < 0.11, and the dotted pink line uses the limit from f equilNL < 150. The parameter space below both
these lines is allowed.
3.0 3.5 4.0 4.5 5.0 5.5
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1.´10-6
5.´10-6
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Figure 3. The figure compares the possibilities of various experiments of detecting tensor pertuba-
tions. The dotted, blue line is the maximum allowed parameters for the model using a combination
of the current limits on r and f
equil
NL . The solid lines correspond to the projected sensitivities to r of
top to bottom, Planck with polarization (green), Spider (pink), and CMBPol (black).
were derived for a scale invariant three-point function. However, tensors contribute to the
three-point function of the temperature fluctuations only at large scales ` . 100. It would be
interesting to reevaluate the Planck constraints on the model taking into account the strong
scale dependence of 〈δT 3〉. We expect the limits obtained this way would be somehow weaker
than those shown in Figure 2.
In Figure 3 we show the possibility of a detection of tensors in this model. The solid
lines in the figure use the projected sensitivity of r from top to bottom of: Planck, once the
polarization results are complete, r < 0.05, Spider r < 0.01, and a possible future CMBPol
experiment r < 0.0001 [26]. This is in comparison to the dashed blue line which is the
maximum allowed model parameters from applying the current limits on r and f equilNL as
displayed in Figure 2. We find the possibility of a detection by Spider and CMBPol for
arbitrarily small H/MP for large enough ξ.
– 13 –
3.0 3.2 3.4 3.6 3.8
5.´10-6
1.´10-5
2.´10-5
5.´10-5
Ξ
H
M
P
Figure 4. Comparison of detectability limits of chirality of the primordial tensors for various ex-
periments. The dotted pink line is the maximum allowed H/MP based on current limits on r and
f
equil
NL . The solid lines are for 2σ detectability for the following experiments listed in order top to
bottom: Planck, Spider, CMBPol, and a cosmic variance limited experiment. The experimental lines
were derived from Figure 2 of [21].
Next we look at the likelihood of a detection being made of the chirality of this model
through a measurement of non vanishing 〈TB〉 or 〈EB〉 correlators, chirality being a more
unique, interesting detection signature since it is absent from most inflationary models. We
define the chirality of the tensor modes by:
∆χ =
∣∣∣∣P+ − P−P+ + P−
∣∣∣∣ . (5.4)
Using our tensor spectrum, we get:
∆χ =
8.6× 10−7 H2
2M2P
e6piξ
ξ6
1 + 8.6× 10−7 H2
2M2P
e6piξ
ξ6
. (5.5)
The results are shown in Figure 4 where the pink dotted curve is the best current limit on
ξ, using the combined limits of r and f equilNL displayed in Figure 2. The solid curves are the
2σ detection sensitivities for various experiments, such that the parameters in the model will
need to fall above these curves to allow detection by these various experiments. We use twice
the detection limits published in [21], to require a 2σ, rather than a 1σ, detection of primordial
parity-violation in the CMB. We find that there is no allowed region of detection from Planck
or Spider. On the other hand, a detection by a cosmic variance limited experiment or a
CMBPol like experiment is allowed throughout a part of parameter space. The larger ξ is,
the more the tensor spectrum is dominated by the auxiliary model fields as opposed to the
standard perturbations from expansion, and since it is the contribution from these auxiliary
fields that violate parity, the larger ξ, the larger ∆χ.
Let us note that the constraints on the system can be studied analytically. To simplify
our notation, let us introduce the quantities P ≡ H2
8pi2M2P
[19] and X ≡  e2piξ
ξ3
, where  is the
– 14 –
slow roll parameter. Then we can write
Pζ = P
(
1 + 2.5× 10−6 P X2) (5.6)
r =
16 + 5.4× 10−4 P X2
1 + 2.5× 10−6 P X2 (5.7)
f equilNL = 1.1× 1012 P3X3 , (5.8)
where Pζ = 2.5×10−9 is the observed value of the scalar power spectrum. Now let us assume
that the second term in brackets in eq. (5.6) is negligible with respect to 1. We will check in
a second that this has to be the case. Then we have P = Pζ , and the 95% Planck constraint
f equilNL < 150 turns into the constraint
X < 2.1× 105 , (5.9)
from which we see that the second term in brackets in eq. (5.6) has to be smaller than
2.6×10−4 that is indeed much smaller than unity. This implies that r = 16 +5.4×10−4 P X2,
where the second term is constrained by nongaussianities to be smaller than 0.057. As a
consequence, if X saturates the bound (5.9) and 16  0.057, then it will still be possible to
detect chiral tensors in the CMB.
6 Conclusions
The coupling (1.1) leads to a rich phenomenology in the tensor sector: not only can it give
an observable spectrum of gravitational waves even for low values of the Hubble parameter,
but it can also produce detectable 〈TB〉 or 〈EB〉 correlators, which is rare in inflationary
models. The model was first studied in the context where the field sourcing the vectors was
the inflaton, in which case the main signature was in the form of scalar non-Gaussianities,
leaving detectable effects in the tensor sector only in special cases, such as the coupling of
the inflaton to multiple gauge fields, or curvaton models so that the field sourcing curvature
perturbations, the curvaton, is not the field which is directly coupled to the vectors, the
inflaton [13]. Another possibility is the case where the detectable signal is only possible in
much larger frequency modes probed at direct detection experiments [14]. Reference [19]
suggested another possibility of weakening the scalar perturbations relative to the tensors,
having another scalar field other than the inflaton couple to the vectors. This is the model
discussed in this paper.
Our main result is the proof that this model provides the first example, to our knowl-
edge, of a scenario where the three-point function of the tensors is significantly larger than
the three-point function of the scalars. We have calculated the three-point function of the
temperature perturbations induced both by scalar and by tensor metric perturbations, ex-
tending to primordial tensors the formalism of the flat sky approximation. This has allowed
us to calculate f equilNL induced by the tensors, which sets the strongest constraints on the model
for much of the parameter space. Despite these constraints, it will still be possible to detect
parity-violating correlation functions in the CMB by a future CMBpol-like experiment, while
such a detection by Planck and Spider will not be possible. Such a detection would appear
unique compared to other inflationary model tensor signals in that it gives a non-Gaussian
tensor power spectrum and a non-vanishing 〈TB〉 and 〈EB〉 correlator.
More in general, although clearly 〈TT 〉 is dominated by scalar signals, it is possible
that 〈TTT 〉 is dominated by tensor signals. In general this requires a mechanism generat-
ing perturbations on CMB scales which is highly non-Gaussian (true generically of particle
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production models among others), and which produces stronger tensor metric perturbations
than scalar ones. This works out in the case of our particular model because 1. there is no
direct coupling of produced vectors to the inflaton to enhance the scalar perturbations and
2. this mechanism naturally produces a larger tensor signal than scalar signal because of the
phase space available for the decay. The model has relativistic vectors which are decaying into
scalar and tensor perturbations, where there is naturally a larger phase space available for
the decay into tensors. Since most inflationary models produce very small non-Gaussianities,
a mechanism which is swamped by other signals in the temperature two-point function could
still dominate the three-point function.
We expect the fact that tensor nongaussianities are much larger than scalar ones to
have several phenomenological consequences that we did not analyze in this paper. First,
since tensors affect temperature perturbations only at large scales, we expect a strongly scale
dependent temperature three-point function, that should rapidly fall to very small values for
` & 100. Second, we expect a peculiar pattern of polarization bispectra. Third, since in this
model tensors are chiral, we expect that the coefficient B`1,`2,`3 vanish for `1 + `2 + `3 =even,
differently from the usual case where temperature nongaussianities are not generated by a
parity-violating source. We hope to come back to these points in a forthcoming publication.
Note added. After the submission of the present paper, ref. [27] appeared, that per-
formed a detailed analysis (beyond the flat sky approximation) of the CMB temperature and
polarization bispectra for the system (2.1). In particular, the temperature bispectrum in the
equilateral limit agrees well, for ` . 80, with our flat sky analysis, supporting the validity of
our estimate. The limit on X derived from the Planck temperature bispectrum is weaker by
a factor ∼ 3 than our estimate of section 5. We attribute this discrepancy to the fact that
our estimate was based on Planck constraints, that assumes a scale invariant bispectrum,
while the temperature bispectrum induced by tensors is significant only at ` . 100, as can
be seen by comparing the red and the cyan lines in the top left panel of figure 1 in [27].
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